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A CLASS OF EXTREMAL FUNCTIONS FOR THE

FOURIER TRANSFORM

BY

S. W. GRAHAM AND JEFFREY D. VAALER1

Abstract. We determine a class of real valued, integrable functions fix) and

corresponding functions MA[x) such that fix) < MA[x) for all x, the Fourier

transform MA[t) is zero when |/| > 1, and the value of MA[0) is minimized. Several

applications of these functions to number theory and analysis are given.

1. Introduction. Let f(x) be a bounded, real valued, integrable function. This

paper will be concerned with the problem of finding an integrable real valued

function G(x) = Ga[x) such that

f(x) < G(x)    for all real x,    and (1.1)

G(t) = f™G(x)e-2""xdx = 0   if \t\ > 1. (1.2)
"'-oo

If G satisfies (1.1) and (1.2) then we say that G is a majorant off. If G(0) is minimal

for all functions satisfying (1.1) and (1.2), we say that G is an extreme majorant off.

Our work is motivated by the following results of Beurling and Selberg. (For

proofs of these results see §7 of Montgomery [5].) Let z = x + iy and

sgn(x) = f x\x\~l     ¡tx + O,
I 0 if x = 0.

Beurling observed that if

„. .      (sintrz\2\   ~ , 2       - v^-,-.!

then F(x) > sgn(x) for all real x and

faF(x) - sgn(jc) dx = 1. (1.3)

F is not integrable on R, but F(z) = 0(e2n^), and this can be interpreted to mean

£(r) = 0 for |r| > 1. Among all such functions which majorize sgn(x), F is the

unique function which minimizes the quantity in (1.3). Selberg noted that if / > 0

and

Gl(x)=\{F(x) + F(i-x)}, (1.4)
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then G, is a majorant of X\o,t\> tne characteristic function of [0, /]. If / is an integer

then G¡ is an extreme majorant of X[o,/]-

Here we will  consider the  problem of constructing extreme  majorants  for

functions / satisfying

/is a bounded, real valued, integrable function, (1-5)

/ is continuously differentiate at all x ^ 0, (1-6)

/ has   both   left-   and   right-hand   limits   at   x = 0   with

/(0) = lim sup/(jc), and
x-*0

(1.7)

2 {\f(x + n)\+ \f'(x + «)|log 2|/i|} is uniformly conver- (1.8)
n¥>0

gent for |x| < 5.

Although these conditions can be modified in various ways, it is essential that /

have at most one discontinuity; see the comments at the end of §2. Since/is to be

majorized by a continuous function, the value of /(0) is unimportant as long as

/(0) < lim supx^0/(x). For our purposes, however, it is convenient for / to be

upper semicontinuous. The condition (1.8) is convenient for technical reasons; it

may be possible to weaken this condition and still obtain our results.

In order to describe our method for determining extreme majorants of functions

f(x) satisfying (1.5)—(1.8) we make the following observations. The periodic func-

tion

00

P(x)=    2   f(x + n) (1.9)
n = -00

is continuous for all x in [-1/2, 1/2] except possibly for a jump discontinuity at

x = 0. If G is a majorant of / then by Lemma 4 (a variant of the Poisson

summation formula),

N

P(x)=   lim     2   (\.13-mf(x + n)
N^co n = _N\ N)

<   »m     2   (l - ¥¡})G(x + n) = G(0) (1.10)

for all x. Since P(x) is upper semicontinuous, snp^<x/2 P(x) = P(x0) for some

point x0 in [-1/2, 1/2). If P(x0) = (5(0) then G is clearly an extreme majorant of/.

We therefore consider two cases.

First assume that 0 < |x0| < 1/2. Then a natural choice for an extreme majorant

is

sin tr(x - Xq) \2( sin tr(x - Xq) \

W = (-;-j

{00 00 >

2   f(xo + n)(x - x0 - n)~2 +    2   f'(x0+ n)(x ~ Xq- n)'x\.
n = -oo «=-00 J

(l.ii)
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Note that Mj{x0 + n) = f(x0 + n) and Mj(x0 + n) = f'(x0 + n) for all integers n.

Also, since P(x) has a local maximum at x0,

P'(x0)=    2   f'(x0 + n) = 0. (1.12)
n = -oo

(That the sum can be differentiated term by term follows from (1.8).) In Lemma 4

we show that (1.12) is a necessary condition for Mj{x) to be integrable.

If Xq = 0 then our choice for an extreme majorant is

A//*) = (M^ff    |   f(n)(x - «r2 + 2 /'(«)(* - ")"' - x-x 2 /'(«))•

(1.13)

Again we find that Mj(n) = f{ri) for all integers «, MJ(n) = f'(ri) if n ¥= 0, and

2  m;(«) = o.
H — -00

If P(x) takes its maximum value at several points in the interval [-1/2, 1/2) then

we can construct Mf for each such point. In §2 we will show that if P(x) takes its

maximum value at x0 and the corresponding function Mf is a majorant of / then it

is the unique extreme majorant.

We also consider minorizing functions. We say that g is a minorant of/if

g(x) < f(x)   for all real x,   and (1-14)

g(t) =0   forall|i|> 1. (1.15)

If g(0) is maximal for all functions satisfying (1.14) and (1.15), we say that g is an

extreme minorant of f. Clearly g is a minorant (extreme minorant) of/if and only if

-g is a majorant (extreme majorant) of -/. Thus all the results which we prove for

extreme majorants have obvious analogues for extreme minorants. If -/ satisfies

(1.5)-(1.8) and

CO

2j   f(x + n)
n = -oo

takes its maximum value at x0, then we write mA[x) = -M_j(x).

Our main problem, therefore, is to determine which functions/satisfy

mf(x) < f(x) < Mj{x) (1.16)

for all real x. We solve this problem only for certain special functions. Let X be a

positive parameter and define

E(X,x)={e~XX    if*>0' (1.17)

I 0 if x < 0.

In §3 we show that (1.16) holds for the functions E(X, x), sgn(x)e^w, and e~XM.

We also prove that if v is a finite Borel measure on (0, oo) such that

/    A"1 dv(X) < oo,
•'o•'o
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then (1.16) is satisfied for any function/of the form

f(x) = (°°E(X,x)dp(X), (1.18)
■'0

Ax)-I     sgn(jc)e-*M dv(X), (1.19)
•'n

or

äx) = r
•'n

e
-A|*|

dv(X). (1.20)

In each case the periodic function (1.9) has a unique maximum on [-1/2, 1/2),

and so there is only one function M} which is a possible extreme majorant.

Similarly, there is only one function mf which is a possible extreme minorant.

We remark that the conditions (1.5)—(1.8) are not sufficient to ensure that M^x)

is a majorant of / A simple example is provided by the function

h(x\ = [ -6x5 + 15x4 - 10x3 +1     if 0 < x < 1,

1 0 if x < 0 or 1 < x.

The periodic function 2~_x h(x + n) has a unique maximum on [-1/2, 1/2) at

x = 0, and so from (1.13) we find that Mh(x) = (sin ttx/ttx)2. But the inequality

h(x) < Mh(x) does not hold for small positive values of x, since AfA'(0+) =

h'(0+) = 0 and A/A"(0+) < 0 = h"(0+).

In §4 we give a sharp version of the Wiener-Ikehara theorem; the proof makes

use of the extreme majorants and extreme minorants of E(X, x). In the final section

we give some other applications to number theory and analysis.

Notation. As we noted in (1.2), we define our Fourier transforms using e~2v"x;

therefore it is convenient to use the notation e(x) = e2™x. The letter x is reserved

for a real variable, n denotes an integer variable, and z = x + iy denotes a

complex variable. We use the Landau notation O and Vinogradov's notation <£ ;

/< g means/ = O(g). All constants implied by "O" and "< " are absolute unless

dependence is indicated by a subscript. We usually use [a, b] to denote the closed

interval from a to b, although in §5 we also use [a, b] to denote the least common

multiple of a and b. The precise meaning should be clear from the context. In §5

we use (p and ¡i to denote the number-theoretic functions of Euler and Möbius,

respectively.

2. Uniqueness of extremal functions. Throughout this section we assume that/(x)

satisfies the conditions (1.5)—(1.8) and we let

P(x)=    2   f(x + n).
n = — ao

We state and prove our results only for majorants. If -/ satisfies (1.5)—(1.8) then

these results can be applied to m^x) = -M_j(x).

Theorem 1. Suppose that P(x) takes it maximum value at x0 E [-1/2, 1/2). If the

corresponding function Mj is a majorant of f then it is the unique extreme majorant.

The proof of Theorem 1 rests upon the following technical lemmata.
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Lemma 2. If n ¥= 0 is an integer and t is real, then

^ sin iTt sin trt

r=-oo r + t - n      r + t
«:log2|n|.

Proof. By periodicity, we may assume that |r| < 1/2. The terms with r = 0 and

r = n contribute 0(1) to the sum. All other terms are

so it suffices to bound

« \(r - n) ' - r~x\,

2     \(r - nyx - r~x\.
/■ —-OO

(2.1)

Since (2.1) is even in n, we may suppose that n is positive. Also, the term with index

r is equal to the term with index n — r, so (2.1) is

In

^\(r-n)-x-r-x\+   2    ^X

r¥-n

oo

« log 2« + « 2 r 2 < l°g 2«.
- = 2n

Lemma 3. If Ma[x) is defined by (1.13) i/ien

f°°|A//x)|Ä «|/(0)|+  2  {|/(«)|+|/'(«)|log2|/t|}.
n^O

Proof. For any integer n,

J.^y^t - n)J

and for n =£ 0,

• °° I sin 7Ti      sin trtr™ sin wf      sin wr       _    ^     fx'2\     sin wf sin tt/

JJ t - n t r--™ J-\/i\ r + t - n      r + t
dt <sc log 2j«|

by Lemma 2. Therefore

/°° / sin trt y

_ool     V    }
2 /(«)('-«)" *<    2    \f(n)\

and

n^)2 2 fXn)(t - n)-> - r» 2 /'(»)

<n^)22rwM«-")-'-'-V
■'-ooV      w      /   „^o

« 2 [/'(n)|log2|«|.
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Lemma 4. Let G(z) be an entire function such that G is integrable on the real line

and G(t) = 0 if \t\ > 1. Then for all real x,

N

and

Jim     2   (i-^)g(x + «) = G(0) (2.2)

lim     2   (l - ^é) G'(x + n)-> 0. (2.3)
n-»x> n = _N\       Jy 1

Furthermore, if there exists a number x0 such that G(x0 + n) = G'(x0 + n) = 0 for

every integer n, then G(z) = 0 for all complex z.

Proof. It suffices to prove (2.2) and (2.3) with x = 0 since the translate G(z — x)

satisfies all the hypotheses of the lemma. Similarly, in proving the last assertion of

the lemma we may suppose that x0 = 0.

For 0 < t < 1 define

u(t) = G(t) + G(t - 1)

and

v(t) = 2m{tG(t) + (t - l)G(t - 1)}.

Since G is integrable on the real axis, G is continuous, and so both u and v are

continuous on [0, 1]. Moreover, u(0) = u(l) = G(0) and v(0) = v(l) = 0. Thus u

and v may be extended to continuous functions of period 1. Clearly

G(t) = (1 - \t\)u(t) + (Iwi)-1 sgn(t)v(t) (2.4)

for |r| < 1. For all complex z,

G(z) = Cô(t)e(tz)dt (2.5)

and

Therefore

G'(z) = 2mf1tG(t)e(tz)dt.
J-i

G(n) = (l{G(t) + G(t - \)}e(tn) dt = Cu(t)e(tn) dt
Jo Jo

and

G'(n) = 2m(l{tG(t) + (t - l)G(t - l))e(tn) dt = Çv(t)e(tn) dt

for every integer n. In other words, G(n) and G'(n) are the Fourier coefficients of u

and u respectively. Since u and v are continuous,

u(t)=  lim     2   (l-^WnM-/n)
a^co n=_N\       ty I

and

N

„(0- Jim    2   (i-5)gW-4
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Statements (2.2) and (2.3) now follow by taking t = 0. If G(ri) = G'(h) = 0 for all

n, then u(t) = v(t) = 0 for all t, G(t) = 0 by (2.4), and so G(z) = 0 by (2.5).

We now prove Theorem 1. We suppose that x0 = 0 and hence that Mf is defined

by (1.13); only trivial modifications are needed if x0 ¥= 0. By Lemma 3, Mf is

integrable. Thus we can compute its Fourier transform from the identities

f1/,     i ,\ /   \ j      / sin wx\2
/ (1 -|,|M,x) <* = ( — ),

and

(2vi)-xf\ën(t)e(tx)dt = x-x(™^)2.

We obtain Má[í) = 0 for |i| > 1 and

MA<) = (1 - I'D   2   Än)e(-nt)
n = -oo

+ (2*1)-' sgn(r) 2 /'("){e(-nt) - 1} (2.6)
n¥-0

for |i| < 1. If f(x) < Ma[x) for all real x, then M¡ is an extreme majorant by (1.10).

Now suppose that G is also an extreme majorant. Then

CO

G(0) = MA[0) =    2   f(n) = F(0),
n = -oo

and so by (2.2), G(n) = M¡{rí) = f(n) for all n. Since G(x) - f(x) has a local

minimum at each integer n, G'(n) - f'(n) = MJ(n) for all n ¥= 0. By (2.3),

G'(0) = m;(o) = - 2 /'(»)•
n^0

By Lemma 4, G(z) = A/y{z) for all complex z.

The fact that / has at most one discontinuity is essential to the uniqueness

assertion in Theorem 1. Selberg (unpublished) has shown that if / is a positive

integer, then

G(x) = (IH^f )2f 2 {x - ny2 + ¿fc-. _ ß{x - /)->
v    •"    i U-o

is an extreme majorant of X[o,/jIor anY )ß sucn that

/(/ + 1)"' < ß < /"'(/ + 1).

When ß = 1, G is the function G, defined in (1.4). If / is not an integer then G¡ is

no longer an extreme majorant. B. Logan (unpublished) has shown that the

extreme majorant exists and is unique in this case.

3. Majorants and minorants for exponential functions. In this section we de-

termine extreme majorants and extreme minorants for the functions E(X, x) (de-

fined by (1.17)), sgn(jc)e"xw, e"A|x|, and more generally for the functions f(x)

defined by (1.18), (1.19) or (1.20). For X > 0 and all complex z we set

A(X, z) = (^i)2 f Qe-^{(z - n)'2 - X(z - «)"'}. (3.1)
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We also define

Ä(w) = ( uea(e" - l)"1     for real u ¥= 0,

l 1 for to = 0.

Lemma 5. // Re(z) < 0, then

A(X,z)= (~^)2fC°B(X + o¡)ez"do¡.

If Re(z) > 0 then

A(X, z) = e~^ - (—£)*£ fi^ + «*"! *>•

Proof. Let 5 > 0. If Re(z) < -6 then

/"°°Ä(A + u)ezu du = e"** f ^ B(u)ez" du = e"^ f°°co 2 e**""* du.
Jo J\ J\     „_o

(3.2)

(3.3)

Now

co 2 e
n = 0

(z- n)u < to 2 e^5"-"" = fi(to)e^";
n = 0

so by the dominated convergence theorem

(°°B(X + u)ezu du = e-** 2   C^z~n)u du

= 2 e-^{(z-n)-2-X(z -«)-'}.
n = 0

This proves (3.2).

Next suppose that Re(z) > 5. Then

(3.4)f° B(X + u)eza du = *-**{ f° B(u)eza du + fXß(u)ezu da).

By the dominated convergence theorem,

(° B(u)ez» da - - 2   P <oe« + "><" ¿to = 2 (* + ")~2-
•'-co n-1    -co n-1

Furthermore,

J.                                                             OO                                                                      OO
B(u)ez» du=  2 0 - ")"2 - «* 2 «^"{(* - ")"2 - M* - «)"'}• (3-6)

O _n _n

(3.5)

n = 0 n=0

The proof of (3.3) is completed by combining (3.1), (3.4), (3.5) and (3.6).

Since S^L.«, E(X, x + n) has a unique maximum on [-1/2, 1/2) at x0 = 0, the

function ME(Xx) is defined by (1.13). For notational convenience we write Meo^x) =

M(X, x). The function -E(X, x) does not satisfy (1.7), since it is not upper

semicontinuous. However, if we let

H(X, x) =
E(X, x)    for x ¥= 0,

0 for x = 0,
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then -H(X, x) satisfies (1.5)—(1.8) and -S„°_„ H(X, x + n) takes its unique maxi-

mum on [-1/2, 1/2) at x0 = 0. Thus we may use m(X, x) = mH(Xx)(x) =

-M_H(Xx)(x) to define a minorizing function for E(X, x). We find that

m(X, x) - M(X, x) - (^j^j • (3.7)

Theorem 6. For X > 0 and all real x,

E(X, x) - (iHL^f Y < m(x, x) < E(X, x) < M(X, x) < E(X, x) + (!^I1 )\
\      ttX      I \      TTX      )

Proof. First we note that

.,,-.     \       .,/•,     \      ¿»/-»\    ,/sinwx\2
M(X, x) = A(X, x) + B(X)x-x[-    .

Suppose x < 0. By Lemma 5,

M(X, x) = (^^)2f°°{B(X + u) - B(X)}e™ du.

Now 0 < B'(t) < 1 for all real t, so

0 < B(X + a) - B(X) < u

for to > 0. Therefore

Suppose x > 0. By Lemma 5,

for x < 0.

M(X, x) - e-** = I^JElY f° r5(x) _ 5(x + w)}e*„ du

Since 0 < 5(a) - B(X + u) < -co for co < 0,

n  ^   w/^        \ -\x   ^   t Sin TTX \2 f00       _XI_    , I SHI TTX \2 ,_ _.
0<A/(X,,)-,-<(^-)/o   co,™</co=( —). (3.9)

The proof is completed by combining (3.7), (3.8) and (3.9).

We define

A/,(A, x) = M(X, x) - m(X, -x) (3.10)

and

mx(X, x) = m(X, x) - M(X, -x). (3.11)

The function sgn(x)e_X|x| does not satisfy (1.7), but we may use f(x) =

sgn(x+)e~x]x] to determine Mf by (1.13). We obtain M/x) = MX(X, x). Similarly,

we find that mx(X, x) is a possible extreme minorant for sgn(x)e~x|x|.

Theorem 7. For X > 0 and all real x,

sgn(;c)e-xW - 2(^^)2 < mx(X, x) < sgn(x)e^W < MX(X, x)

<sgn(xKxW + 2(^)2.
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Proof. This follows directly from (3.10), (3.11) and Theorem 6.

If f(x) = e_x|x' then the periodic function defined by (1.9) has a unique maxi-

mum on [-1/2, 1/2) at 0 and a unique minimum on [-1/2, 1/2) at -1/2. A simple

computation shows that Ma[x) = M2(X, x) and mA[x) = m2(X, x), where

.„ /■.     \       . /■,     ^       „ /■.       \      / sin ■ïïx \2
M2(X, x) = A(X, x) + A(X, -x) -   -   ,

V       TTX      J

and

m2(X, x) = e~x/2{A(X, x - 1/2) + A(X, -x - 1/2)}.

Theorem 8. For X > 0 and all real x,

m2(X, x) < <TXW < M2(X, x). (3.12)

Proof. All functions in (3.12) are even and continuous, so it suffices to consider

x > 0.

By Lemma 5,

M2(X, x) - e-** = (lîLEL)   f C°{B(X + u) + B(X -co) - u}e~x" du.
V     T     / -'o

Since B'(t) — 1/2 is an increasing, odd function,

B(X + a) - B(X - «) - « - P '"{£'(') - 1/2} dt > C{B'(t) - 1/2} dt = 0,

for co > 0. Therefore M2(X, x) > e X|x|.

To prove the lower bound, we note that the right-hand side of (3.3) defines an

analytic function for Re(z) > -1; consequently (3.3) is true for Re(z) > -1 by

analytic continuation. If x > 0, then x — 1/2 > -1, so

m2(X, x) - f** = e-^^^)2fX{B(X - u)e»'2 + B(X + u)e^2}e-x" du.

Let C(co) = B(u)e^/2, so that

m2(X, x) - e-** = (S^L)2f°°{C(\ + co) - C(X - u)}e'xu du.

C(u) is an even function which is strictly decreasing for co > 0. Therefore

C(X - u)= C(\X - u\) > C(X + u)

if co > 0. This proves the required lower bound.

With a more detailed calculation, we could show that

,2

and

M2(X,x)<e-x^ + (^^) (3.13)
V    "ïïx    }

m2(X, x) > minien2, e^ - (x2 - l/4)-'(^i^)2}. (3.14)

Throughout the remainder of this section v will denote a finite Borel measure on

(0, co) such that

PV1 dv(X) < oo.
•'o
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By Tonelli's theorem
p OO     /• OO f OO

/      I    e"** <fr(\) c/x = /    X"1 ¿/»-(A) < oo,
Jq      Jq Jq

and so each function/(x) defined by (1.18), (1.19) or (1.20) is integrable on the real

line. In each of these cases the periodic function defined by (1.9) is easily seen to

have a unique maximum and unique minimum on [-1/2, 1/2). Thus for each such

/ the functions Mf and mf are uniquely determined.

Theorem 9. Iff(x) is defined by either (1.18), (1.19) or (1.20), then Mf is the unique

extreme majorant of f, and m¡ is the unique extreme minorant off.

Proof. The function /satisfies (1.8) since

2    \f(x + n)\ < f°   2    ^|x+n| dv(X)
n = -oo •'0      n = -oo

< 2 f °°(ex - 1)-V dv(X) « /""(A"1 + 1) dv(X)
Jo Jo

uniformly in x, and if |jc| < 1/2, then

2 \f'(x + n)\ log 2|n| < f°°X 2 e~x|jt + n| log 2\n\ dv(X)
n¥=0 0        „^0

< 2 p°Xex/2 2 *"*" log 2« <fr(X)
Jo „=1

/.OO °° ,.00

«1X2 e-^^n dv(X) « /   X"1 dv(X).

Now suppose that f(x) is defined by (1.18); then

and

Mf(x) = f°° M(X, x) dv(X)

MÁt) = P°M(X, /) dv(X) - 0
•'o

if |f| > 1. By Theorem 6, A/^ is a majorant of/; by Theorem 1, Mf is the unique

extreme majorant.

The proofs for mf and for/ defined by (1.19) or (1.20) are essentially the same.

4. Tauberian theorems. Throughout this section we let í = a + it = a + 2mh

denote a complex variable and let a be a Borel measure on [0, oo). We also suppose

that the Laplace-Stieltjes transform

F(s) = p
•'o-

da(x)

defines an analytic function of s in the open half plane a > r for some fixed r > 0.

One form of the classical Tauberian theorem of Wiener-Ikehara [1], [10] states that

if for some constant A > 0 the function F(s) — A(s — r)~x extends to a continuous

function in the closed half plane a > r, then

lim   e-rxa(ÏO, x]) = Ar~x.
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By using the extremal functions m(X, x) and M(X, x) we obtain the following

refinement of the Wiener-Ikehara theorem.

Theorem 10. Let T > 0 be fixed and suppose that F(s) — A(s — r) extends to a

continuous function on the set

{s E C: s = a + 2-ïïît, a > r} u {s E C: s = r + 2mr, |t| < T}.      (4.1)

Then

AT~X{exp(rT~x) - l}"1 < lim inf e~rxa([0, x])

< lim sup e~rxa([0, x])
X—»oo

< AT~X exp(rT-x){exp(rT-x) - l}~\ (4.2)

Also, the upper and lower bounds on each side of (4.2) are best possible.

We deduce Theorem 10 from a general result in which F(s) has a more

complicated behavior near the line a = r. To describe this situation we suppose

that {un}Nn__N and {a(ri)}Nn___N are complex numbers, un = r + 2m£n, u_n = ün,

and a(-n) = a(n). We then define

N

G(s) =    2   a(n){s - u„}'\
n = -N

Theorem 11. Let T > 0 be fixed and suppose that

H„(r) = F(s) - G(s)

is Cauchy in Lx([-T, T]) norm as a —» r 4- for some fixed r > 0. For x > 0,

Tx   2   a(n)m(rT-x, tnT-x)e(C„x) + oT(l) < ^""«([0, x])
n--N

<TX   2   a(n)M{rT-x,£nT-x)e(inx) + oT(l), (4.3)
n = -Af

where oT(l) denotes a function of T and x which tends to zero as x —» oo for each

fixed T.

If we define

J(X,x)=2-{m(X,x) + M(X,x)}

and use the identity (3.7), then (4.3) can be written in the equivalent form

e'xa([0,x])-T-x   2   a(n)j(rT ', tnTx)e(£„x)

n = -N

<(2T)-X   2   a(n)(l-\QT-x)+e(ènx) + oT(l). (4.4)
n = -N

Here we use y+ = max{ y, 0}. It is easy to check that the various trigonometric

polynomials in (4.3) and (4.4) are all real valued functions of x because of our
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hypotheses on a(n) and £„. We also remark that Theorem 11 is an analogue of a

Tauberian theorem proved by Diamond [2].

Proof of Theorem 11. We prove only the upper bound in (4.3); the proof of the

lower bound is very similar. For all real x and X > 0,

F(X, x) = E(XT'X, xT) < M(XT~X, xT)

and

[°°M(XT-X, xT)e(-rx) dx = T'XM(XT~X, tT~x). (4.5)
-OO

Thus the right-hand side of (4.5) is zero if |t| > T. Now if a > r and x > 0 then

e^xa([0, x]) = f*   e-«*-ï>-v da(y)

/OO

E(a,x - y)E(a,y)da(y)
-CO

<  rM{oT'x, (x - y)T)E(a,y) da(y). (4.6)
"'-00

The right-hand side of (4.6) is easily seen to be an integrable function of x by

Tonelli's theorem. Hence

f°° i™M(oT~x, (x - y)T)E(a,y) da(y)e(-rx) dx
•'-co •'-co

= [°°E(o,y)T-xM(oT-x, jT~x)e(-Ty) da(y)
'-oo

= T-xM(aT~x, tT-x)F(o + 2mh) (4.7)

by Fubini's theorem. Since M(oT~x, tT~x) has compact support the Fourier inver-

sion formula applies, and

PTxM(oT-x, tT x)F(a + 2mr)e(Tx) dr

= f°°M(oTx, (x - y)T)E(o,y) da(y). (4.8)
*^-co

Next we observe that

¡°°E(o,y)\    ^ ^a(n)e^e(-ry) dy

2   a(n) f V«—«* ay = G(s) (4.9)
„ = -N J0

for Re(i) = a > r. It follows that

/•CO

/     T xM(oTx, rT~x)G(a + 2mr)e(rx) dr
•'-oo

= [XM(oT-x,(x- y)T)E(o,y)\    2   a(n)e^) dy
-co ( n = -N j

N

n = -N

f   M(oT-x, (x - y)T)E(o - r,y)\    2   a(n)e(&)    ay.  (4.10)
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Combining (4.8), (4.9) and (4.10), we find that for a > r and x > 0,

/OO A

TxM(oT x, tT x)F(a + 2-uir)e(Tx) dr
-co

r'A/iaF"1, TT-x)Ha(T)e(Tx) dr
-CO

+ f°°M(oT-\ (x-y)T)E(c-r,y){    2   «(»WW*.
•'-«> I «--AT I

(4.11)

By the completeness of Lx([-T, T]) and the fact that M(oT~x, rT~x) is zero if

1-7-1 > F,

lim    I     TxM(oT~x, jT'x)Ha(j)e(rx) dr
°~*r + ■'-oo

= f TT xM(rT-x, TTx)Hr(T)e(Tx) dr, (4.12)

where //r(r) is integrable on [-T, T]. Using the Riemann-Lebesgue lemma, we see

that the right-hand side of (4.12) is oT(l) as x —> oo. The other integral on the right

of (4.11) is

lim   rM(oT-x, (x-y)T)E(a -r,y)\    2   «(«MOol dy
a^r+ J-oo [n--N I

= CM(rT-x, (x-y)T)\   2   a(n)e(£„y)\ dy (4.13)
•'o L»--/v J

by Theorem 6 and the dominated convergence theorem. The right-hand side of

(4.13) is

¡X M(rT-x,uT)\    2   a(n)e(£„x - inu)\ du
•'-co (. „ = -AT J

=    2   a(n){rM(rT-x,uT)e(-inu)du\e(inx)
n = -N |.-'-co >

- [XM(rT x, uT)[    2   a(n)e(inx - ¿nco)] c/co

■'* l »--Ä J

=    2   aWr'^rT-Uj-XW+o/l) (4.14)
n = -/V

as x —> oo. Finally we use the inequality (4.11) together with the estimates (4.12),

(4.13) and (4.14) to obtain the upper bound in (4.3). This completes our proof.

Proof of Theorem 10. We apply Theorem 11 with A' = 0, £0 = 0 and a(0) = A.

Since F(s) — A(s — r)"1 extends to a continuous function on the set (4.1) it is

Cauchy in Lx([-T + e, T — e]) norm for every e, 0 < e < T. Using (4.3) we have

lim sup e~rxa([0, x]) < A(T - e)"'A/(r(F - e)~\ 0). (4.15)
X—»00

If we apply the identity (2.6) with t = 0 and let e -»0 + in (4.15) we obtain the

upper bound in (4.2). The lower bound is proved in a similar way. To show that
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these   bounds   are   best   possible   let   a   be   the   measure   with   point   mass

AT~X exp(rnT~l) at nT~l for n = 1, 2, 3, • • • . Then

F(s) = f °V" da(x) = AT~X 2   exp{(r - s)nT~x]
Jo- „=i

= ^F-'(exp{(i - r)T~x) - l)'X

if a > r. It follows that F(s) - A(s - r)~x is analytic for a > r and at each point of

the line a = r, |t| < T. We also have

e-rxa([0, x]) = e~rxAT-x     2      exp^F"1}

1<n<xT

= AT~X exp(rT-x){exp(rT~x) - l}"1

•expl-rF-^Fx ~[Tx])} + oT(l)

as x —» oo. Since

0 = lim inf Tx — \ Tx],        1 = lim sup Tx — \ Tx],
*—co L J x_tao L J

we obtain the same bounds given in (4.2).

Note added in proof. A result similar to Theorem 10 was proved by Heilbronn

and Landau, Math. Z. 37 (1933), pp. 10-16 and pp. 18-21. Their result is weaker

than ours in that the upper and lower bounds in (4.2) are unspecified functions of

A, r and T. A further discussion of such Tauberian theorems can be found in

Ingham's paper, Proc. London Math. Soc. (2) 38 (1935), pp. 458-480. We wish to

thank Professor P. T. Bateman for calling our attention to these papers.

5. More applications. Selberg [8] has observed that several standard applications

of the large sieve may be done via majorizing functions. In this section, we will

supply the details to Selberg's observation, and we will prove these results in a

more general setting.

We assume that/ and F are bounded functions in LX(R) which satisfy

f(x) < F(x)    for all x,    and (5.1)

F(y) = 0    for |y\ > 8 (5.2)

for some 8 > 0. We also need some condition which allows us to apply the Poisson

summation formula to F(x); e.g.

F is of bounded total variation on R. (5.3)

Note that if/satisfies (1.5)—(1.8) and M¡ is defined by (1.13), then

f°°t.,„  m j       ^uy m r00 ISU1 vxI   |7tx cos wx — sin 7tx|
/    \M}(x)\ dx « 2 \f{n)\ I    J-r^ }-r~,-L dx

+ 2 lTO)|/

X

00 I sin ïïx      sin rcx

n^=0 '-oo I       X X        n
dx

«2l/í«)|+  2 [/'(«)| log 2|h|< oo.
" n^0

Thus Mf has bounded total variation on R.
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If/(x) = F(X, x), then F(x) = M(X8~X, Sx) satisfies (5.1) through (5.3), and

F(0) = ex/s/8(ex/s - 1). (5.4)

If /= Xim+\,m+n)> we may teke l = (N — \)8 in Selberg's construction (1.4),

F(x) = G,(8(x - M - 1)), and

F(0) = N+ 8~x - 1. (5.5)

Most of our applications are based on

Lemma 12. Suppose F satisfies (5.3) and (5.2) with 8 < q~x. Then

2       E(n) = F(0)/q
n =a mod q

for any integer a. Moreover, if x W a Dirichlet character mod q, then

2 F(n)x(n) = ( (<P(<?)/^)A0)     'fx is principal,
n (0 otherwise.

Proof. Let G(n) = F(qn + a), so that

G(y) = (l/q)e(ay/q)F(y/q).

By the Poisson summation formula,

2      H») = 2 G(n) = 2 G(n) = (l/q)F(0).
n=a mod q n n

This proves the first assertion. The second assertion follows upon noting that

2 F(n)X(n) =  2 X(a)      2       F(n) = (F(0)/c7) ¿ x(a).

Our first application is to the large sieve.

Theorem 13. Suppose G(n) is a polynomial with integral coefficients, 9 is a set of

primes, and P(z) = Up<ZJ,e9p. Define u(d) to be the number of solutions of

G(r) = 0 mod d. Suppose f and F satisfy (5.1), (5.2), and (5.3) with 8 = z~2. Then

2        f(n) < F(0)V-x,

(G(n),P(z))=l

where

r<z p\r\P-u(P)l

Proof. If d\P(z), define

A^,n f)d( „   2   ^ïïf^LA
^n^p  - C0(p))    r<z/rf p|r\F  - "(/>) /

(r,d)-\
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if d} P(z), define Xd = 0. Since X, = 1,

299

2
(G(n),/>(z)) = l

f(n)<^F(n)(   2   k)

= 2\A
d,e

|G(n)

2
n

G(n) = 0mod[d,e]

F(n)

= F(0)2(XdXe/[d,e])u([d,e]),
d,e

where we have used Lemma 12 and the definition of co in the last line. Since the

sum in the last line is Vx [3, Chapter 3], this completes the proof.

By Theorem 13 and (5.5),

N - 1 + z2
M + N

2
n = M+\

(G(n),P(z)) = l

1   <

This is the classical large sieve, and the proof given here was first given by Selberg

[8]. In another paper [9], Selberg considered a more general situation in which one

sieves by prime powers.

We mention one other application. Let G(ri) = qn + a, where (a, q) = 1. Here

u(d) = 1 if (d, q) = 1 and 0 otherwise. Furthermore [3, Theorem 3.3], V >

(q>(q)/q) log z. We now apply Theorem 13 with f(ri) = E(l/Y, n) and z =

r1/2(log Y)-' to obtain

z2(ezl'Y) 2qY       f /log log Y>
2

n = 0
qn + a prime

,-*/* <

y(e**/r - i)     <p{q) log F (H^)}-
This may be regarded as a weighted form of the Brun-Titchmarsh theorem.

Our next application is to character sum inequalities. Here we will use 2X mod q to

denote a sum over all characters mod q and 2* mod to denote a sum over all

primitive characters mod ¿7.

Theorem 14. Suppose f and F satisfy (5.1), (5.2) and (5.3) with 8 = Q~2, and

f(x) > 0 for all x. Then

2    -fr   2* 2/,/2(«M«)x(«)
X mod <y '   n

Proof. By duality, it suffices to show that

Ao)2K«)|2-

2/(«)   2    2*   b(x)X{n)
" q < Q x mod q

The left-hand side of (5.7) is

< 2 F(n)\ • • • |2

< m 2^2* |*(x)|2.
q<Q        "      x mod q

(5-6)

(5.7)

=   22       2*        2*     b(xx)b(x2)'2F(n)xl(n)xJn^
q> < Ö   ?2 < ß Xl mod <7l   X2 mod ?2 "
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By Lemma 12, the inner sum is 0 unless qx = q2 = q and Xi = X2> when the inner

sum is (<p(q)/q)F(0). This proves (5.7), so (5.6) follows.

In the case/= X{m+i,m+n}> tne inequality (5.7) is well known (cf. [4, Theorem

2.5]). The proof given here is implicit in Selberg [8]. Note that the only property of

primitive characters used in the proof of Theorem 14 was that X1X2 's principal if

and only if Xi = Xi- Thus we have proved the following more general result.

Theorem 15. Let 2- be any set of Dirichlet characters such that if Xv Xi e 2. and

X1X2 is principal, then X\ — X2- For x £ 2., let q(x) denote the modulus of x, and set

0=   max   U(x,),c7(x2)].

If f and F satisfy (5.1), (5.2), and (5.3) with 8 = Q \ andf(x) > Ofor all x, then

2 -á^VT 2/,/2(«M«)xO)2 < ño)2 |a(«)|2-
xeS  «PWW))       n n

In particular, if /and F satisfy (5.1), (5.2) and (5.3) with 8 = q~x, then

2
X mod q

2/,/2(«)a(«)x(«) y(<7) a
F(0)^\a(n)\2

(cf. Theorem 6.2 of Montgomery [4]) and

d_

X mod d

y. -^— y*

d\q     VW
2/1/2(«M«)xO)   <Ao)2|4»)|2

(cf. Theorem 6.3 of Montgomery [4]). Furthermore, the proofs of Theorems 13 and

14 may be combined. Thus if /and F satisfy (5.1), (5.2) and (5.3) with 8 = Q'2R2,

then

2   2*
q<Q x m°d q

2/,/2(«M«)x(«)2\
d\n

/?(o)2|«(«)|22 \A
te   [d,e]-

(5.8)

(5.9)

Inequalities of this sort have been used to investigate the distribution of primes in

arithmetic progressions [7], [8].

For our final application, we require both minorizing and majorizing functions.

We assume that/, F+, and F_ are integrable functions such that

F_(x) < f(x) < F+(x)    for all real x,    and

F_(t) = F+(t) = 0   for |/| > 8.

It can be shown that

(  \ ^    í  \      ^ t  \     / sin 7TX \2     / sin tr(l - x) \2

W*) > ftW = «») - (-S") - (  ,(/-x)  ) '

where Gt is Selberg's function defined in (1.4). Therefore if /= X[m+\,m+ny we

may take F_(x) = g(N_X)S(8(x - M - I)) and F_(0) = N - 8~x - I. If /(x) =

£(X, x), we may take F_(x) = m(X8~x, 8x) and

F_(0) = l/5(ex/Ä - 1). (5.10)
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Theorem 16. Suppose that f, F+, and F_ satisfy (5.8) and (5.9), and that {£„} is a

sequence of real numbers such that |£„ — £m| > 8 for n ¥= m. Then

¿-(0)2 l«00|2 < P/O) y,a(n)e(tQ2 dt < F+(0)2 \a(n)\2.

Proof. To prove the upper bound, we observe that

2 ^ oo |2

f /W 2 «00*00 dt< f f+(0 2 c/r

= 22 fl(«) a(n) F+(in - U = F+(0)2 \a{n)\\

The lower bound is proved in the same fashion.

Note that

/oo 2 _ _ a/(') 2 a(n)e(tQ    dt = 2 2 «(»0 «(«)/&, " O
-co n m     n

Therefore Theorem  16 gives a bound for such bilinear forms. In particular, if

f(t) = E(X, t), then

/( y) = 1/ (X + 2*iy);

consequently,

1 V i   t  \i2 ^ v V a(w) a(n) gx/¿        v .   , ,.2

üy7rrT)?WI <2 ?■ x + 2m(4)_y <i£v?TT)?W-)l•

(5.11)

If we subtract off the diagonal terms and let X —> 0, we obtain

_   a(m)a(n) | _ _*_, ^ , _,_^l2
<77Ô-12|a(«)|2- (5.12)^      È    - £

i ¥=n      Sm        s„

This generalization of Hubert's inequality was first proved by Montgomery and

Vaughan [6]. It can be shown that (5.11) and (5.12) are best possible.

The integration over / in Theorem 16 may be replaced by a summation over

integers. In this manner one can show that if/, F_, and F+ satisfy (5.9) and (5.10),

and F_ and F+ are of bounded variation on R, then

¿_(o)2K")|2<   2 /O) 2 «00*00   < ¿+(o)2l«0)|2

provided

\%-im\=min\in-im-q\>8
q ez

(5.13)

for n t^ m. In particular, if (5.13) is true, then

„V2

8(eK/b -\)n
2|«00f <22

a(m) a(n)

sinh(X/2 + m(tn - U)

e^/2e\/S

8(ex/s - 1)   »2|«00|2
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If we let X —> 0, we obtain

a(m) a(n)

»,« sin 7r(£m - O
<s-'2l«00|2;

this is another result of Montgomery and Vaughan [6].

We close by mentioning some open questions on bilinear forms. Let zx,z2, . . .

be complex numbers with nonnegative real part. What is the best possible bound

for

a(n) a(m)
(5.14)

A bound for (5.14) will have to take into account the spacing of the z„'s, but it is

not clear what the best measure of spacing is. Note that (5.14) reduces to (5.11)

when 0 < X/2 = Re z, = Re z2 = . . . , and it reduces to (5.12) when 0 = Re z, =

Re z2 =_

Another open question arises from the weighted version of Hilbert's inequality.

Montgomery and Vaughan [6] have shown that if |£m - £J > 8m for any n distinct

from m, then

a(m) a(n)

m=£n        ?oi S«
<^2l«00|V- (5.15)

Is it possible to prove (5.15) by means of majorizing functions? The questions in

(5.14) and (5.15) are in some sense analogous. It would also be desirable to have a

weighted bound in (5.14).
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