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A CLASS OF EXTREMAL FUNCTIONS FOR THE
FOURIER TRANSFORM
BY
S. W. GRAHAM AND JEFFREY D. VAALER'

ABSTRACT. We determine a class of real valued, integrable functions f(x) and
corresponding functions Mj(x) such that f(x) < M{(x) for all x, the Fourier
transform M(?) is zero when |¢| > 1, and the value of M/(0) is minimized. Several
applications of these functions to number theory and analysis are given.

1. Introduction. Let f(x) be a bounded, real valued, integrable function. This
paper will be concerned with the problem of finding an integrable real valued
function G(x) = Gy(x) such that

f(x) < G(x) forallreal x, and (1.1)
() = [ ZG(x)emdx = 0 if |1 > 1. (12)
—00

If G satisfies (1.1) and (1.2) then we say that G is a majorant of f. If (3(0) is minimal
for all functions satisfying (1.1) and (1.2), we say that G is an extreme majorant of f.

Our work is motivated by the following results of Beurling and Selberg. (For
proofs of these results see §7 of Montgomery [S].) Let z = x + iy and

-1 .
sgn(x) = { x|x| if x #0,
0 if x =0.
Beurling observed that if

F(z) = (Si“ m2 )2{ S (z—n)y?= S (z+n)2+ 2z"},

7’ n=0 n=1

then F(x) > sgn(x) for all real x and
I * F(x) — sgn(x) dx = 1. (13)
[o <]

F is not integrable on R, but F(z) = O(e?™”!), and this can be interpreted to mean
F(t) = 0 for |¢| > 1. Among all such functions which majorize sgn(x), F is the
unique function which minimizes the quantity in (1.3). Selberg noted that if / > 0
and

G(x) =3 {F(x) + F(I - x)}, (14)
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284 S. W. GRAHAM AND J. D. VAALER

then G, is a majorant of xj,, the characteristic function of [0, /]. If / is an integer
then G, is an extreme majorant of x;o ).

Here we will consider the problem of constructing extreme majorants for
functions f satisfying

fis a bounded, real valued, integrable function, (1.5)
f is continuously differentiable at all x # 0, (1.6)
f has both left- and right-hand limits at x =0 with
£(0) = lim sup f(x), and (L.7)
x—0
> {If(x + n)|+ |f'(x + n)|log 2|n|} is uniformly conver- (1.8)

n#0

gent for |x| < 3.
Although these conditions can be modified in various ways, it is essential that f
have at most one discontinuity; see the comments at the end of §2. Since f is to be
majorized by a continuous function, the value of f(0) is unimportant as long as
f(0) < lim sup,_,, f(x). For our purposes, however, it is convenient for f to be
upper semicontinuous. The condition (1.8) is convenient for technical reasons; it
may be possible to weaken this condition and still obtain our results.

In order to describe our method for determining extreme majorants of functions

J(x) satisfying (1.5)—(1.8) we make the following observations. The periodic func-
tion

o0
P(x)= 3 f(x+n) (1.9)
n=-00
is continuous for all x in [-1/2, 1/2] except possibly for a jump discontinuity at
x =0. If G is a majorant of f then by Lemma 4 (a variant of the Poisson
summation formula),
N

P(x)= lim 3 (1.13 '”') f(x + n)
-0 = N
< Jlim 'éN(l lnl)G(x+n) 6(0) (1.10)

for all x. Since P(x) is upper semlcontmuous, Sup), <12 P(x) = P(xp) for some
point x, in [-1/2, 1/2). If P(x,) = G(O) then G is clearly an extreme majorant of f.
We therefore consider two cases.
First assume that 0 < |x,| < 1/2. Then a natural choice for an extreme majorant
1s
sin m(x — xg) )2

M(x) = ( p

. {ngwf(xo + n)(x — x5 — n)_2 + nﬁwf’(xo + n)(x — xo — n)"}.
(1.11)
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Note that M(x, + n) = f(x, + n) and M/(x, + n) = f'(x, + n) for all integers n.
Also, since P(x) has a local maximum at x,,

P'(x,) = § f'(xg+ n)=0. (1.12)

n=-00
(That the sum can be differentiated term by term follows from (1.8).) In Lemma 4
we show that (1.12) is a necessary condition for M(x) to be integrable.

If x, = 0O then our choice for an extreme majorant is

M) = ()L S fec= 7+ 3 Fos =t - 60 S 7).

T n=-o0o n¥*0
(1.13)
Again we find that M(n) = f(n) for all integers n, M/(n) = f'(n) if n # 0, and
oo
.,2_ Mi(n) = 0.

If P(x) takes its maximum value at several points in the interval [-1/2, 1/2) then
we can construct M, for each such point. In §2 we will show that if P(x) takes its
maximum value at x, and the corresponding function M; is a majorant of f then it
is the unique extreme majorant.

We also consider minorizing functions. We say that g is a minorant of f if

g(x) < f(x) forallreal x, and (1.14)
g(t) =0 forall|f]> 1. (1.15)
If £(0) is maximal for all functions satisfying (1.14) and (1.15), we say that g is an
extreme minorant of f. Clearly g is a minorant (extreme minorant) of f if and only if
—g is a majorant (extreme majorant) of —f. Thus all the results which we prove for

extreme majorants have obvious analogues for extreme minorants. If —f satisfies
(1.5)—(1.8) and

-3 fx+n)

n=-00

takes its maximum value at x;, then we write myx) = —M_f(x).
Our main problem, therefore, is to determine which functions f satisfy

myx) < f(x) < M{(x) (1.16)

for all real x. We solve this problem only for certain special functions. Let A be a
positive parameter and define

Ax
E}\,x={e if x >0, 1.17
A2 =1, if x < 0. (117)

In §3 we show that (1.16) holds for the functions E(), x), sgn(x)e™*|, and eI,
We also prove that if v is a finite Borel measure on (0, o) such that

[ A () < oo,
0
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then (1.16) is satisfied for any function f of the form

f(x) = fo ZEQ, x)dv(0), (1.18)
f(x) = fo * sga(x)e dy(), (1.19)
or
fx) = [ e dy(N). (1.20)
0

In each case the periodic function (1.9) has a unique maximum on [-1/2, 1/2),
and so there is only one function M, which is a possible extreme majorant.
Similarly, there is only one function m; which is a possible extreme minorant.

We remark that the conditions (1.5)-(1.8) are not sufficient to ensure that M{(x)
is a majorant of f. A simple example is provided by the function

h(x) = {~6x5+ 15x* —10x3+1 if0<x<1,
0 fx<Oorl < x.

The periodic function X°___ h(x + n) has a unique maximum on [-1/2, 1/2) at
x =0, and so from (1.13) we find that M,(x) = (sin #x/7x)>. But the inequality
h(x) < M,(x) does not hold for small positive values of x, since M,(0+) =
h'(0+) = 0 and M,’(0+) < 0 = A" (0+).

In §4 we give a sharp version of the Wiener-Ikehara theorem; the proof makes
use of the extreme majorants and extreme minorants of E(A, x). In the final section
we give some other applications to number theory and analysis.

Notation. As we noted in (1.2), we define our Fourier transforms using e 2™**;
therefore it is convenient to use the notation e(x) = e2™*. The letter x is reserved
for a real variable, n denotes an integer variable, and z = x + iy denotes a
complex variable. We use the Landau notation O and Vinogradov’s notation < ;
f < g means f = O(g). All constants implied by “O” and “<« ” are absolute unless
dependence is indicated by a subscript. We usually use [a, b] to denote the closed
interval from a to b, although in §5 we also use [a, b] to denote the least common
multiple of a and b. The precise meaning should be clear from the context. In §5
we use ¢ and p to denote the number-theoretic functions of Euler and Mébius,
respectively.

2. Uniqueness of extremal functions. Throughout this section we assume that f(x)
satisfies the conditions (1.5)—(1.8) and we let
00
P(x)= 2 f(x+ n).
n=-00
We state and prove our results only for majorants. If —f satisfies (1.5)—(1.8) then
these results can be applied to m{x) = —-M_(x).

THEOREM 1. Suppose that P(x) takes it maximum value at x, € [-1/2, 1/2). If the
corresponding function M, is a majorant of f then it is the unique extreme majorant.

The proof of Theorem 1 rests upon the following technical lemmata.
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LEMMA 2. If n # O is an integer and t is real, then

sin ¢ sin 7t
r=eo|r +t—n r+t¢

< log 2|n|.
ProoF. By periodicity, we may assume that |¢| < 1/2. The terms with r = 0 and
r = n contribute O(1) to the sum. All other terms are
<|(r=n)"'=r7Y,

so it suffices to bound

o0

2 |=-n"=r (2.1)

r=-c
r#0,r#n

Since (2.1) is even in n, we may suppose that n is positive. Also, the term with index
r is equal to the term with index n — r, s0 (2.1) is

- E (= m = r-22n ’(r— n)

oo
<log2n+n > r?<log2n.

r=2n
LeMMA 3. If M(x) is defined by (1.13) then
7 M) dx <A(0)] + S (V)| +17/()] log 2]}
—o0 ns

PrOOF. For any integer n,

of sinawt \?
f.w( (i - n)) a=1

and for n # 0,
f°° sin wt smwt‘d § fl/Z sin mt Smm'dt«log2|n|
|l — n r=—oo _,/2r+t—n

by Lemma 2. Therefore

L= Z -

T ne=—oo

o0

dt < -2_00 [f(n)|

and

dt

(Siﬂ t )2 S f - =S fi(n)

foo
-0 ﬂ n+#0 n+#0

<S5 )zgov'(nn (= n)" = Y de
< X |f'(n)| log 2|n|.
n#0
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LEMMA 4. Let G(z) be an entire function such that G is integrable on the real line
and G(t) = 0if |t| > 1. Then for all real x,

N
Jim. "-E_N(l - %) G(x + n) = 6(0) 22)
and
N
Jim ,.=2_~( - '—1'-:,1) G'(x + n) = 0. (23)

Furthermore, if there exists a number x, such that G(xy + n) = G'(xy + n) = 0 for
every integer n, then G(z) = 0 for all complex z.

ProoF. It suffices to prove (2.2) and (2.3) with x = 0 since the translate G(z — x)
satisfies all the hypotheses of the lemma. Similarly, in proving the last assertion of
the lemma we may suppose that x, = 0.

For 0 < 7 < 1 define

u(r) = G(r) + G(r — 1)
and
o(1) = 27i{1G(1) + (1 — )G(1 — 1)}.
Since G is integrable on the real axis, G is continuous, and so both » and v are
continuous on [0, 1]. Moreover, u(0) = u(l) = 6(0) and v(0) = v(1) = 0. Thus u
and v may be extended to continuous functions of period 1. Clearly

G(r) = (1 — |thu(z) + 2mi)™" sgn(r)o(s) (24)

for |¢| < 1. For all complex z,
G(:) = [ 'G(1)eltz) dr 2.5)
-1
and
G'(z) = 27riflté(t)e(tz) dr.
-1
Therefore
G(n) = [ Y6 + 6@t = 1)Ye(tn) dr = fo "u(t)e(tn) dt
0

and

G'(n) = 2mi fo Y16 + (1 — D6t — 1))e(tn) dt = fo "o(t)e(tn) dt

for every integer n. In other words, G(n) and G’(n) are the Fourier coefficients of u
and v respectively. Since ¥ and v are continuous,

()= tm S (l—IT':,l)G(n)e(—m)

Nooo n=-N

and
N

o(f) = lim 3 (l—lT’:,l)G’(n)e(—tn).

No>oo n=_N
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Statements (2.2) and (2.3) now follow by taking ¢ = 0. If G(n) = G’(n) = 0 for all
n, then u(t) = v(¢) = Ofor all ¢, é(t) = 0 by (2.4), and so G(z) = 0 by (2.5).

We now prove Theorem 1. We suppose that x, = 0 and hence that M; is defined
by (1.13); only trivial modifications are needed if x, # 0. By Lemma 3, M, is
integrable. Thus we can compute its Fourier transform from the identities

f_;(l — |f])e(tx) dr = (

sin 7x )2
b

and

(277i)"f: sgn(t)e(tx) dt = x"( sin mx )2.

We obtain M,(t) =0for |t > 1 and

M=) S fne(-nr)

n=-o0
+ (2mi)”" sgn(r) 3 f'(n){e(-nt) — 1} (2:6)
n+#0
for |¢] < 1. If f(x) < M{(x) for all real x, then M, is an extreme majorant by (1.10).
Now suppose that G is also an extreme majorant. Then

60) = O = 3 fm) = PO),

and so by (2.2), G(n) = M{(n) = f(n) for all n. Since G(x)— f(x) has a local
minimum at each integer n, G'(n) = f'(n) = M/(n) for all n # 0. By (2.3),
G'(0) = M;(0) =~ X f'(n).
n#0
By Lemma 4, G(z) = M{z) for all complex z.

The fact that f has at most one discontinuity is essential to the uniqueness
assertion in Theorem 1. Selberg (unpublished) has shown that if / is a positive
integer, then

. 2 1
6(x) = (=) { 2 (x—n)? 4 pxt - Blx - 1)"}
n=0
is an extreme majorant of xo ) for any B such that
(+ 1)< BN+ ).
When 8 = 1, G is the function G, defined in (1.4). If / is not an integer then G, is

no longer an extreme majorant. B. Logan (unpublished) has shown that the
extreme majorant exists and is unique in this case.

3. Majorants and minorants for exponential functions. In this section we de-
termine extreme majorants and extreme minorants for the functions E(A, x) (de-
fined by (1.17)), sgn(x)e™*, e and more generally for the functions f(x)
defined by (1.18), (1.19) or (1.20). For A > 0 and all complex z we set

’ § e™{(z—n)? =Nz — n)"}. @3.1)

n=0

sin 7z )

A, 2) = (
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We also define

B(w) = { we“(e® — 1)7'  for real w # 0,
1 forw = 0.
LemMA 5. If Re(z) < O, then

AR z) = ( sin 2 )2 [ B\ + w)e™ do. (32)
0
If Re(z) > 0 then
A\ 2) = e — (S“‘ 2 )2 ) ® B(\ + w)e™ du. (33)

PrROOF. Let § > 0. If Re(z) < -6 then

© o0 o
[TBO+ wedo= e [T B)e do= e [Tw T e d,
0 A A\

n=0
Now
0 o0
WY T w Y et = B(w)e
n=0 n=0

so by the dominated convergence theorem

oo 0 ©
f B\ + w)e* dw=e™ ) f welZ =M% g
0 n=0"A

> ]
=2 e™M{(z - n)— Az - n)~'}.
n=0
This proves (3.2).
Next suppose that Re(z) > §. Then

f:B(}\ + w)e™ dw = e"“{fo B(w)e* dw + LAB(w)e“" dw}. 34)

—oo

By the dominated convergence theorem,

fo B(w)e™ dw = — § fo weZ¥Me gy = § z+n)?2 (3.5)

- n=1]1""- n=1

Furthermore,

o0 >

) "By do= 3 (z - n)2—e* S eM{(z - n)? - Az — n)'). (3.6)
0 n=0 n=0

The proof of (3.3) is completed by combining (3.1), (3.4), (3.5) and (3.6).

Since 7. E(A, x + n) has a unique maximum on [-1/2, 1/2) at x, = O, the
function Mgy, ,, is defined by (1.13). For notational convenience we write Mg, ,, =
M(, x). The function —E(A, x) does not satisfy (1.7), since it is not upper
semicontinuous. However, if we let

H(\ x) = [ EQ, x) forx #0,

0 forx =0,
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then —H(A, x) satisfies (1.5)—(1.8) and -2 _ H(A, x + n) takes its unique maxi-
mum on [-1/2,1/2) at x,=0. Thus we may use m(, x) = my, (x) =
~M_p.5(x) to define a minorizing function for E(A, x). We find that

sin 7x \2
m\, x) = M\, x) — ( = ) . (3.7)
THEOREM 6. For A > 0 and all real x,
; 2 ; 2
E(\ x) — (sm wx) <m(A, x) < EA, x) < M(A, x) < E(A, x) + (sn;;rx) .
PrOOF. First we note that
2
MO\ x) = AQ, x) + B(A)x -'( smﬂ"") .
Suppose x < 0. By Lemma 5,
; 2
M\, x) = (s"‘ ’”‘) [ “(B( + w) — BQ))e™ do.
0
Now 0 < B’(¢) < 1 for all real ¢, so
0<BA+w)—B(D) <w
for w > 0. Therefore
sinax\2 pe o (sinwx)?
O<M()\,x)<( - )fowe dw—( 2 ) (3.8)
for x < 0.
Suppose x > 0. By Lemma 5,
MO\ x) — ™ (S“‘ ’”‘) f (BQ\) — BO\ + w)}e™ do.
Since 0 < B(A) — BA + w) < —wforw < 0,
o sinax\2 o . (sinax)?
0< MM x) — e <( - )fowe dw—( L ) (3.9)
The proof is completed by combining (3.7), (3.8) and (3.9).
We define
M\A, x) = M(A, x) — m(\, -x) (3.10)
and
my(A, x) = m(A, x) — M(A, —x). (3.11)

The function sgn(x)e™* does not satisfy (1.7), but we may use f(x)=
sgn(x+)e™ to determine M; by (1.13). We obtain M{(x) = M (A, x). Similarly,
we find that m,(A, x) is a possible extreme minorant for sgn(x)e /.

THEOREM 7. For A > 0 and all real x,
. 2
sgn(x)e™* — 2(%;{) < my(A, x) < sgn(x)e™ < M,(A, x)

2
< sgn(x)e™ + 2( sin wx) .

X
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ProoF. This follows directly from (3.10), (3.11) and Theorem 6.

If f(x) = e then the periodic function defined by (1.9) has a unique maxi-
mum on [-1/2, 1/2) at 0 and a unique minimum on [-1/2, 1/2) at —1/2. A simple
computation shows that M(x) = M,(A, x) and m{(x) = my(A, x), where

M,(\, x) = A\, x) + A\, -x) — (

sin 7x \?
X ’
and

my(A, x) = e AN, x — 1/2) + A\, —x — 1/2)}.
THEOREM 8. For A > 0 and all real x,
my(A, x) < e < My(A, x). (3.12)

PrOOF. All functions in (3.12) are even and continuous, so it suffices to consider
x> 0.
By Lemma 5,

My, x) — e = (M) f (B\ + @) + B — @) — w}e™ do.
Since B’(#) — 1/2 is an increasing, odd function,
B\ + ©) — BA — ) — o —f “(B(t) - 1/2) dt >f (B(1) — 1/2} drt =

for w > 0. Therefore M,(A, x) > e"""'.

To prove the lower bound, we note that the right-hand side of (3.3) defines an
analytic function for Re(z) > —1; consequently (3.3) is true for Re(z) > -1 by
analytic continuation. If x > 0, then x — 1/2 > -1, s0

my(A, x) — e™ = /2 M B(}\ — w)e*’? + B\ + w)e ™/} e ™ dw.
73
Let C(w) = B(w)e™’?, so that

myA, x) — e™ = (M) f {CA +w) — CA — w)}e™ dw.

C(w) is an even function which is strictly decreasing for w > 0. Therefore
CA-w)=C(A—w|) >CA + w)
if w > 0. This proves the required lower bound.
With a more detailed calculation, we could show that

M\, x) < e+ (%)2 (3.13)
and
my(\, x) > min{e A2 e A — (x2 — 1/4) (cos wx) } (3.14)

Throughout the remainder of this section » will denote a finite Borel measure on
(0, o0) such that

[ A (M) < oo
0
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By Tonelli’s theorem
o0 o0 oo
f f e™ dv(N) dx = f A dy(\) < oo,
o Yo 0

and so each function f(x) defined by (1.18), (1.19) or (1.20) is integrable on the real
line. In each of these cases the periodic function defined by (1.9) is easily seen to
have a unique maximum and unique minimum on [-1/2, 1/2). Thus for each such
S the functions M, and m, are uniquely determined.

THEOREM 9. If f(x) is defined by either (1.18), (1.19) or (1.20), then M, is the unique
extreme majorant of f, and my is the unique extreme minorant of f.

Proor. The function f satisfies (1.8) since

o0

S fxtmi< [T S eMrda
0

n=-oo n=-oo

<27 -t < [ O+ 1) ()
1] 0
uniformly in x, and if |x| < 1/2, then
S |f(x + )| log2|n| < [ AT e+l log 2fn| dv(h)
n#0 0  nx0

00 o0
<2 [ A2 S e™M log 2n dv(M)
0

n=1

<[ XS M d(h) < [ A av(A).
0 0

n=1

Now suppose that f(x) is defined by (1.18); then
Mix) = [ MO, x) dv(\)
0

and
M{(1) = f MO, 1) dv(A) =0
0

if |¢| > 1. By Theorem 6, M; is a majorant of f; by Theorem 1, M, is the unique
extreme majorant.
The proofs for m, and for f defined by (1.19) or (1.20) are essentially the same.

4, Tauberian theorems. Throughout this section we let s = ¢ + it = 0 + 27t
denote a complex variable and let a be a Borel measure on [0, c0). We also suppose
that the Laplace-Stieltjes transform

F(s)= [ * e da(x)

defines an analytic function of s in the open half plane ¢ > r for some fixed » > 0.
One form of the classical Tauberian theorem of Wiener-Ikehara [1], [10] states that
if for some constant A > 0 the function F(s) — A(s — r)”' extends to a continuous
function in the closed half plane ¢ > r, then

lim e"a([0, x]) = Art,

X—>00
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By using the extremal functions m(A, x) and M(A, x) we obtain the following
refinement of the Wiener-Ikehara theorem.

THEOREM 10. Let T > 0 be fixed and suppose that F(s) — A(s — r)™" extends to a
continuous function on the set
{(seCs=0+2mr,0>r}u{s€C:s=r+2mr|7|<T}. (41)
Then
-1 -1y _ -1 s —rx
AT {exp(rT™") -1} < lim inf e ([0, x])

< lim sup e«([0, x])
X—>00

< AT exp(rT){exp(rT™") — 1}7". 4.2)
Also, the upper and lower bounds on each side of (4.2) are best possible.

We deduce Theorem 10 from a general result in which F(s) has a more
complicated behavior near the line o0 = r. To describe this situation we suppose
that {u,}¥__, and {a(n)}Y__y are complex numbers, u, = r + 2i
and a(-n) = a(n). We then define

n> u—n = 17n’

N

G(s) = 2 a(n)(s - u,)"".

n=-N
THEOREM 11. Let T > O be fixed and suppose that
H,() = F(s) = G(s)
is Cauchy in L'\((-T, T]) norm as ¢ — r + for some fixed r > 0. For x > 0,

T % a(n)m(rT~", £, T")e(¢,x) + or(1) < e™a([0, x])
n=-N

<7 -Z_Na(n)lg(rT", £, T e(£,x) + or(1), (4.3)

where or(1) denotes a function of T and x which tends to zero as x — oo for each
fixed T.

If we define
J\, x) =3{m(\, x) + M(A, x)}

and use the identity (3.7), then (4.3) can be written in the equivalent form

e”a([0,x])-T" X a(n)J(rT7, £,T")e(t,x)

n=-N

N
<D I a(n)(1 —1&,|T™)" e(t,x) + o(1). (4.9
N

nm=_

Here we use y* = max{y, 0}. It is easy to check that the various trigonometric
polynomials in (4.3) and (4.4) are all real valued functions of x because of our
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hypotheses on a(n) and §,. We also remark that Theorem 11 is an analogue of a
Tauberian theorem proved by Diamond [2].
PROOF OF THEOREM 11. We prove only the upper bound in (4.3); the proof of the
lower bound is very similar. For all real x and A > 0,
E(\, x) = EAT, xT) < M(AT', xT)
and

) P MOAT, xT)e(=rx) dx = T"MOT, +T"). (4.5)

—00

Thus the right-hand side of (4.5) is zero if |[t| > T. Now if ¢ > r and x > O then
x+
e*a([0, x]) = e PN gy
([0, x]) fo )
]
= [ E(o, x - y)E(o, y) da(»)
-0

<[ :M(oT", (x — »)T)E(o, y) da(y). (4.6)

The right-hand side of (4.6) is easily seen to be an integrable function of x by
Tonelli’s theorem. Hence

j:ooj:‘”M(oT—” (x — y)T)E(o,y) da(y)e(—-rx) dx

= wa(o,y) T-'M(eT, 1T ")e(-1p) da(y)

—00

= T"'M(oT"", rT™")F(o + 2ir) @.7)
by Fubini’s theorem. Since M(oT, 7T") has compact support the Fourier inver-
sion formula applies, and

fw T-'M(oT™, 7T"")F(o + 2mir)e(rx) dr
—o0

- f_:M (oT™, (x = »)T)E(o, y) da(). (4.8)

Next we observe that

/ °°E<o,y){ p) a(n)ew}e(—mdy

—00 n=-N
N

= S an) fo CeGmuy g = G(s) (4.9)

n=-N
for Re(s) = o > r. It follows that
fw T'M(oT, 7T")G(0 + 2mit)e(rx) dr
—00

o N
= [ MG, (x—y)T)E(o,y){ > a(n)e'v}dy

n=_N
N

=f_wM(0T"', (x = y)T)E(o - r,y){ 2 a(n)e(é.)*)} dy. (4.10)

n=-N
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Combining (4.8), (4.9) and (4.10), we find that foro > rand x > 0,
o "
e ([0, x]) < f T'M(oT™', 7T")F(o + 2mit)e(x) dr
—o0

= P TM(oT, T H,(r)e(rx) dr

n=—-N

=) N
+f—°°M(oT", (x —y)T)E(o — r,y){ > a(n)e(g,‘y)} dy.

(4.11)
By the completeness of L'(-7, T]) and the fact that M(cT ™', rT™") is zero if
|7| > T,
lim [ T-'M(oT™, T ") H,(r)e(rx) dr

oa—->r+ —o0
= "TWI(rT, s T ) H (v)e(rx) dr, (4.12)
-T

where H,(7) is integrable on [T, T]. Using the Riemann-Lebesgue lemma, we see
that the right-hand side of (4.12) is 0,(1) as x — oo. The other integral on the right
of (4.11) is
o N
dim [*M(oT", (x = y)T)E(o - r,y>{ zNa<n>e(£ny)} &
— ——

N

= j(;wM(rT", (x — y)T){ ZNa(n)e(gny)} dy (4.13)

n=—

by Theorem 6 and the dominated convergence theorem. The right-hand side of
(4.13) is

x N
f M(rT, wT){ > a(n)e(¢,x — £,,w)} dw

- n=-N

= § a(n){j;:M(rT", wT)e(-£¢,0) dw}e(&,,x)

n=-N
o N
—f M(rT7, wT){ ENa(n)e(gnx - £,,w)} dw
- % a(n)T'M(rT, £, T ")e(t,x) + o7(1) (4.14)
n=-N

as x — oo. Finally we use the inequality (4.11) together with the estimates (4.12),
(4.13) and (4.14) to obtain the upper bound in (4.3). This completes our proof.
PrROOF OF THEOREM 10. We apply Theorem 11 with N = 0, £, = 0 and a(0) = 4.
Since F(s) — A(s — r)”' extends to a continuous function on the set (4.1) it is
Cauchy in L'([-T + ¢, T — ¢]) norm for every ¢, 0 < ¢ < T. Using (4.3) we have

lim sup e™*a([0, x]) < A(T — &) M(r(T - €)', 0). (4.15)

If we apply the identity (2.6) with ¢+ = 0 and let ¢ >0 + in (4.15) we obtain the
upper bound in (4.2). The lower bound is proved in a similar way. To show that
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these bounds are best possible let a be the measure with point mass
AT ' exp(rnT ) atnT'forn =1,2,3,- - - . Then

F(s) = fooe“" da(x) = AT™! 21 exp{(r — s)nT™"}

= AT \(exp{(s — NT™'} - l)_I
if o > r. It follows that F(s) — A(s — r)”' is analytic for ¢ > r and at each point of
the line 0 = r, |7| < T. We also have

ea([0,x]) = eAT™" ¥  exp{rT™'}
1<n<xT
= AT exp(rT"){exp(rT") — 1}
-exp{-rT~'(Tx —[Tx])} + on(1)
as x — oo. Since
0 = lim inf Tx — [ Tx], 1= lil}_il:p Tx —[Tx],

X—>00

we obtain the same bounds given in (4.2).

NOTE ADDED IN PROOF. A result similar to Theorem 10 was proved by Heilbronn
and Landau, Math. Z. 37 (1933), pp. 10-16 and pp. 18-21. Their result is weaker
than ours in that the upper and lower bounds in (4.2) are unspecified functions of
A, r and T. A further discussion of such Tauberian theorems can be found in
Ingham’s paper, Proc. London Math. Soc. (2) 38 (1935), pp. 458—480. We wish to
thank Professor P. T. Bateman for calling our attention to these papers.

5. More applications. Selberg [8] has observed that several standard applications
of the large sieve may be done via majorizing functions. In this section, we will
supply the details to Selberg’s observation, and we will prove these results in a
more general setting.

We assume that f and F are bounded functions in L'(R) which satisfy

f(x) < F(x) forall x, and (5.1)
F(y)=0 for|y| > (5.2)

for some § > 0. We also need some condition which allows us to apply the Poisson
summation formula to F(x); e.g.

F is of bounded total variation on R. (5.3)
Note that if f satisfies (1.5)—(1.8) and M, is defined by (1.13), then

f_:|M;(x)| dx< S |f(n)|f_:

|sin #x| |mx cos mx — sin wx]|
x? | x|

Lz
< S |f(m)] + éolf’(n)| log 2|n| < .

dx

sin 7x  sin mx
X X —n

dx

Thus M, has bounded total variation on R.
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If f(x) = E(), x), then F(x) = M(\8 ', 8x) satisfies (5.1) through (5.3), and
F(0) = €%/8(eM® — 1). (5.4)

If f= Xm+1,m+np We may take /= (N — 1) in Selberg’s construction (1.4),
F(x) = G(8(x — M — 1)), and

FO)=N+6"-1 (5.5)
Most of our applications are based on

LEMMA 12. Suppose F satisfies (5.3) and (5.2) with 8 < q7'. Then
> F(n)=F(0)/q

n=a mod g
for any integer a. Moreover, if x is a Dirichlet character mod g, then
S F(n)x(n) = { (9(9)/9)E(0)  if x is principal,
n 0 otherwise.

PrROOF. Let G(n) = F(gn + a), so that

G(») = (1/q)eay /D E(y/9).
By the Poisson summation formula,
S F(n) =3 G(n) = 3 G(n) = (1/9)F(0).
n=a mod q n n
This proves the first assertion. The second assertion follows upon noting that
q . q
2 F(nx(n)= X x(@) X F(n)=(F(0)/q) 2 x(a).
n a=1 n=amod q a=1
Our first application is to the large sieve.

THEOREM 13. Suppose G(n) is a polynomial with integral coefficients, ? is a set of
primes, and P(z) =1l,_,,c9p. Define «(d) to be the number of solutions of

14

G(r) = 0 mod d. Suppose f and F satisfy (5.1), (5.2), and (5.3) with § = z72. Then
2 ) <FOV,
(G(n),P(z))=1

where

V=3 u’(r)H(——w&).

r<z plr\P — w(p)
PROOF. If d|P(z), define

= w(d)d 2 w(p) \.
N VT — e 2 O ,1}(,, ~ olp) )
(r.d)=1
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if d  P(z), define A, = 0. Since A, = 1,

S jm<Srm( T )

(G(n),P(2))=1 d|G(n)

= dZM\e 2> F(n)

n
G(n)=0 mod[d,e]
= FOS O/ ol 4, €]).
where we have used Lemma 12 and the definition of w in the last line. Since the

sum in the last line is ¥~ [3, Chapter 3], this completes the proof.
By Theorem 13 and (5.5),

M+N 2
N-1+
O TP At e
n=M+1 v
(G(n),P(2))=1

This is the classical large sieve, and the proof given here was first given by Selberg
[8]. In another paper [9], Selberg considered a more general situation in which one
sieves by prime powers.

We mention one other application. Let G(n) = gn + a, where (a, q) = 1. Here
wd)=1 if (d,q) =1 and O otherwise. Furthermore [3, Theorem 3.3}, V >
(p(9)/q) log z. We now apply Theorem 13 with f(n)= E(1/Y,n) and z =
Y *(log Y)™ to obtain

© 2(,2%/Y
S e z (ze ) _ _ 2qY {1 + O( log log Y)}
n=0 V(e?/Y — 1) o(q)logY log Y

gn+ a prime

This may be regarded as a weighted form of the Brun-Titchmarsh theorem.

Our next application is to character sum inequalities. Here we will use 2, ;.44 t0
denote a sum over all characters mod ¢ and 2%, 4, to denote a sum over all
primitive characters mod gq.

THEOREM 14. Suppose f and F satisfy (5.1), (5.2) and (5.3) with § = 02, and
J(x) > 0 for all x. Then

2 x*

q<Q (p(q) x mod ¢
ProOF. By duality, it suffices to show that

21 2(n)a(n)x(n)

n

<FOZja(l.  (56)

S| S S* s0oxn)| < F0) 3 HD sx o (57)
n 9<Q xmod g q x mod ¢

The left-hand side of (5.7) is
<§F(,,)|...|2

=2 3 3+ > b(Xl)b(Xz)zF(”)Xl(")X2(”)

91<Q 9:<Q x; mod ¢, x; mod ¢,
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By Lemma 12, the inner sum is 0 unless ¢, = g, = ¢ and x, = x,, when the inner
sum is (p(q)/ q)ﬁ(O). This proves (5.7), so (5.6) follows.

In the case f = X;p 41,0+ np the inequality (5.7) is well known (cf. [4, Theorem
2.5]). The proof given here is implicit in Selberg [8]. Note that the only property of
primitive characters used in the proof of Theorem 14 was that x,X, is principal if
and only if x, = x,. Thus we have proved the following more general result.

THEOREM 15. Let © be any set of Dirichlet characters such that if x,, x, € 2 and
X1X, is principal, then x, = x,. For x € 2, let q(x) denote the modulus of x, and set

Q= max [4(x1), 9(x2) ]-

If f and F satisfy (5.1), (5.2), and (5.3) with 8 = Q ', and f(x) > O for all x, then

q9(x) 1/2 2 £(0 2
In particular, if f and F satisfy (5.1), (5.2) and (5.3) with § = g7', then

)

x mod g

2 f*(n)a(n)x(n)

n

: < i"% FO0)Y |a(n))?

(cf. Theorem 6.2 of Montgomery [4]) and

z_i_ S*

2
r 2
dlq (P(d) x mod d <F(O)§|a(n)|

21172 (n)a(n)x(n)

n

(cf. Theorem 6.3 of Montgomery [4]). Furthermore, the proofs of Theorems 13 and
14 may be combined. Thus if f and F satisfy (5.1), (5.2) and (5.3) with § = Q7R
then
<O S jamPY

a(n —.

n d_e [d’ e]
Inequalities of this sort have been used to investigate the distribution of primes in
arithmetic progressions [7], [8].

For our final application, we require both minorizing and majorizing functions.
We assume that f, F, and F_ are integrable functions such that

F_(x) € f(x) < F,(x) forallrealx, and (5.8)

F_()=F,(t)=0 for|t] > 8. (5.9

It can be shown that

Xon(x) > 8(x) = Gx) - (S5 )’ - (A= )

> 2

9<Q xmod ¢

n

g 2(")a(n)x(n)‘% Ag

where G, is Selberg’s function defined in (1.4). Therefore if f = Xjpriqpr4np WE
may take F_(x) = g_1)s(8(x — M — 1)) and F_(0)=N —87' — L. If fix) =
E(\, x), we may take F_(x) = m(A8 !, 8x) and

F_(0) = 1/8(eM% - 1). (5.10)
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THEOREM 16. Suppose that f, F , and F _ satisfy (5.8) and (5.9), and that {§,} is a
sequence of real numbers such that |§ —¢, >0 for n # m. Then

dt < F+(0)2 |a(n)|
ProoOF. To prove the upper bound, we observe that
© 2 )
f_ f(t)|; 3 dt<f_ F
=3 Za(m)a(m £, — &) = FLOZ Ja(w)]”

a(n)e(t§ )

The lower bound is proved in the same fashion.
Note that

2, a(n)e(t, ) 2 2 a(m) a(n) fi§, — &).

Therefore Theorem 16 gives a bound for such bilinear forms. In particular, if
J(H) = EQA, 1), then

f(») =1/ (A + 27ip);

consequently,

1 2 a(m) a(n) eM? 2
_— a(n)|” < a(n)|”.
8 — Dy = latm) 22 N 2aiE, ) B l)gl (m)

(5.11)
If we subtract off the diagonal terms and let A — 0, we obtain
> f(g_'")%'i <7 |a(n) (5.12)
mn m ~ Sn n

This generalization of Hilbert’s inequality was first proved by Montgomery and
Vaughan [6]. It can be shown that (5.11) and (5.12) are best possible.

The integration over ¢ in Theorem 16 may be replaced by a summation over
integers. In this manner one can show thatif f, F_, and F, satisfy (5.9) and (5.10),
and F_ and F, are of bounded variation on R, then

FOSlamP < 3 0| atmet)| < FOF o]

provided

6: — &nll = {Ineirzllﬁn ~¢,—q|>9 (5.13)

for n = m. In particular, if (5.13) is true, then

e a(m) a(n)

5(e SO _ 1) 2 ja(n)|* < % ; sinh(A\/2 + 7i(§, — £,,))

BYRV )
—/——— a(n)|”.
82 —1) ;l ()]
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If we let A — 0, we obtain

3 Gante |0 Sl

m¥#n
this is another result of Montgomery and Vaughan [6].
We close by mentioning some open questions on bilinear forms. Let z,, z,, . . .
be complex numbers with nonnegative real part. What is the best possible bound
for

a @),

ms£n z, + Z-m

(5.14)

A bound for (5.14) will have to take into account the spacing of the z,’s, but it is
not clear what the best measure of spacing is. Note that (5.14) reduces to (5.11)
when 0 <A/2 =Rez = Rez,=...,and it reduces to (5.12) when 0 = Re z, =
Re z, =

Another open question arises from the weighted version of Hilbert’s inequality.
Montgomery and Vaughan [6] have shown that if |£, — £ | > 6, for any n distinct
from m, then

s alm)aln) a(n) < 37 laln)s" (5.15)
m*n gm g
Is it possible to prove (5.15) by means of majorizing functions? The questions in
(5.14) and (5.15) are in some sense analogous. It would also be desirable to have a

weighted bound in (5.14).
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